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Complete solutions of some graph equations involving line graphs, total graphs, semitotal- 
line-graphs and semitotal-point-graphs are worked out. 
Introduclion 
We consider finite graphs without loops or multiple edges and use the terminol- 
ogy of [5]. Let V(G), E(G) denote respectively the vertex set and the edge set of 
a graph G - G is the complementary graph. Let L(G) denote the line graph of G 
and T(G) its total graph. The concepts of semitotal graphs were coined indepen- 
dently by different authors [3, 4, 6, 71. Let T,(G) denote the semitotal-line-graph 
of G. We have 
CMG)) = V(G) U E(G) and E(T,(G)) = E&(G)) UX 
where X is the set of edges of the form oe where u E V(G), e E E(G) and o is 
incident with e. Let T,(G) denote the semitotal-point-graph of G. We have 
V(T,(G)) = V(G) U E(G) and E(T,(G)) = E(G) UX. 
We solve completely the six graph equations listed below: 
(1) L(G) = T,(H), (2) L(G) = T,(H)> 
(3) T(G) = T,(H), (4) T(G) = M.0, 
(5) T,(G) = T,(H), (6) T,(G) = T,(H). 
We had solved the graph equations 
L(G) = T,(H), L(G) = T,(H), 
T(G) = T,(H), T(G) = T,(H). 
We are thankful to the referee for pointing out to us that these four graph 
equations have been solved’ by J. Akiyama, T. Hamada and I. Yoshimura in Cl]. 
We will only state these four results below but will not give our proofs. 
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Result 1. Given any graph H there exists a unique graph G which satisfies the 
graph equation L(G) = Tl(H). 
Result 2. The following eight pairs of graphs (G, H) are 
of the graph equation L(cJ= T,(H): 
(1) (K2, Kl), (2) (& U Kz, Kz), 
(3) (A,, &) (4) (s(K& KS) 
(5) (K1,,, nK1), n 2 2, (6) (KS, 3K1), 
the only possible solutions 
(7) (B,, Kz U KI), (8) (01, Kz U SKI) 
where the graphs Al, B1, D1 are those given in Fig. 1 and s(K& is the subdivision 
graph of K1,3 obtained by introducing a vertex of degree two on each edge of K1,3. 
A,: -L 
Fig. 1. 
Remit 3. The graph equation T(G) = Tl(H) has only the trivial solution (K,, K,) 
when both G and H arc! connected. 
Resrrlt 4. The graph equation T(G) = Tl(H) has precisely three solutions (G, H). 
They are 
(1) (K,, K,), (2) (Kz, 3K1) and (3) (K1,~, KS U K,). 
Beineke [2] has given a characterization of line-graphs in terms of nine 
forbidden subgraphs. His result says that a graph G is a line-graph if and only if G 
does not contain any of the nine graphs given by him as induced subgraphs. We 
need two of these forbidden subgraphs for our proofs and we list them below in Fig. 2. 
K,,3 : y KS-e@ 
Fig. 2. 
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2. The graph equations L(G) = T,(H) and L(G) = T,(H) 
Suppose (Gi, Hi)icI are all the possible solutions of the graph equation L(G) = 
T,(H) when both G and H are assumed to be connected. It is evident that 
(Ujc~ Gi U SKI, UjEJ 6) is a general solution of the graph equation L(G) = T,(H) 
when nothing is assumed about the connectivity of G and EL Here JE I, J# fd and 
II is a nonegative integer. Therefore, without loss of generality we assume both G 
and H to be connected. 
Prqm&ion 1. When both G and H are connected the only solutions of the graph 
equation L(G) = T,(H) are 
(1) (c, OK19 G), P 233, 
(2) (61, S), Ial, 
(3) (JL &) 
where Cp 0 K1 denotes the corona graph of Cp obtained by attaching a pendent edge 
at each vertex of Cp and F2, is the graph of order 21 obtained by attaching a pendent 
edge at each vertex of Pl,l except at the end vertices of Pl+l. 
Proof. We observe that T,(H) is obtained from H by taking a new vertex, call it a 
red vertex, corresponding to the edges of H and then joining this new red vertex to 
the two end vertices of the edge to which it corresponds. 
Suppose A(H) 3 3. Let v be a vertex of H with deg v * 3. Then v together with 
three red vertices corresponding to three edges through v give rise to K1,3 as an 
induced subgraph of T2(H). But then T2(H) # L(G) for any G. 
Suppose A(H) = 2 and further that H is regular. Since H is connected we have 
H = C& p a 3. Trivially, (C, oK1, G), p 3 3 are the solutions in this case. 
Suppose A(H) = 2 but H is not regular. Since H is connected we have H = Pl, 
123 where Pl denotes the path on I points. Obviously (Fzl, PI), 123 are the 
solutions in this case. 
Suppose A(H) = 1. Since H is connected we have H = K2 and then (K1,3, K2) = 
(F4, K2), (KS, KJ are the solutions. 
When A(H) =0 and H is connected, we get H=K1, and then (K2, K,) = 
(F2, K,) is the solution. 
Our proof is now complete. 
PmposWm 2. The only solutions of the graph equation L(G) = T,(H) are 
(1) (s(K& KS), (2) (3K,, K,), 
(3) (C, U K,, KI.~), (4) (K4 U Kz, K&, 
(5) (K1,,, nK&, n 2 1 (6) (KS, 3K1). 
Proof. We consider two cases. 
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Case 1: Suppose H is connected. 
Suppose further that there are two vertices of degree 22 in H. If H# K3, then 
it can be seen that T#Z) has K1,3 as an induced subgraph and consequently 
‘T,(H) #L(G) for any G. When H = K3 we have the solution (s(K&, K3) where 
s(K& is the subdivision graph of K1,3. 
Suppose next that there is at most one vertex of degree 22 in H. Then since H 
is assumed to be connected, we have H = K1,, for some r > 0. If r 3 4, then T,(H) 
has KS--e as an induced subgraph and consequently T,(H) #L(G) for any G. 
Corresponding to r = 0, 1, 2, 3 we get the solutions (K2, K,) = (K1,,, nK1), n = 1, 
(3K,, Kz), (Cd U Kz, K& and (K4 U Kz, K&. 
Case 2: Suppose H is disconnected. 
In this case if q(H)2 1, then T,(H) has K1,3 as an induced subgraph and 
consequently T,(H) # L(G) for any G. When H = nK,, n 3 2 we get the solutions 
(K1.,, nK1), n 2 2 and (KS, 3K1). 
3. ‘Ibe gmph equatfom T(G)= T,(H), T(G)= T2(H) 
ProposWon 3. The only solutions (G, H) of the graph equation T(G) = T,(H) are 
(K,, K,) and (K2, K2) when G, H are both connected. 
Proof. Suppose G is a (pl, qJ graph and H is a (p2, q2) graph. The number of 
vertices of T,(H) which have degree two is q2+ r2 where r2 is the number of 
vertices in H which have degree one in H. Similarly the number of vertices of 
degree two in T(G) is rl where rl is the number of vertices whose degree is one in 
G unless G = K2 in which case this number is three. So we have 
q2+r2=rl if G#K,, 
q2+r2=3 if G=K,. 
When G = K2 we have the solution (K2, K2). Suppose Gf K2. So G = K1 or 
~~33. When ~~23, q1 2 2. Now, since H is connected we have q2 > p2 - 1. As 
r,aO, we get q2srl. Again, T(G) = T,(H) gives p1 + q1 = p2 + q2. But p2 + q2 < 
2r,+l. This gives pl+q 1 s 2r,+ 1. When q1 = 0 the inequality p1 + q1 ~2r, + 1 
does hold giving (K,, K,) as a solution. However, the inequality p1 + q1 s 2r, + 1 = 
(rl + 1) + rl does not hold when q1 22. For, in this case p1 2 rl + 2 and q1 2 rl 
except when G is a star-graph K1,,, n 2 2 in which case we do have p1 = rl + 1 and 
q1 = rl. But T(K,,,) # T,(H) for any H since T(K,,,) has a subgraph K, and 
consequently T,(H) also should have K, as a subgraph. But then there will have 
to be at least $z(n - 1)vertices of degree two in T2(H). However, T(K,,,) has only 
n vertices of degree two. Since +n(n - 1) > n for n 24, we see that 
T(K,,,) # T,(H) for any H when n 24. When n = 2, T(K1,2) # T,(H) as can be 
seen directly. Similarly, it can be seen directly that T(K& # T,(H) for any H. 
The proof is now complete. 
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. propoertion 4. There are precisely five solutions to the graph equation T(G) = 
T&l). They are 
(1) (Kl, K,), (2) (K,, 3Kl), (3) (K1.3, K3 LJ a, 
(4) (K3 U K1, K1,3) ad (5) (3& &). 
Proof. We solve the equation T(G) = T,(H) by making use of the fact that T(G) 
is disconnected if and only if G = K3 or G = K1,, for some n 2 1. This fact has 
been established in [S] and so we do not give a proof here. 
We want T(G) = T#f). So in this case T(G) is disconnected, if and only if 
T,(H) is disconnected and we know that T*(H) is disconnected if and only if H is 
disconnected. We have, in this situation, solutions (G, H) given by (K,, K,), 
(K2, 3K1), (K1,3, K3 UK,) corresponding to G = K1, G = K1,l = K2, G = K1,3. For 
G=K, and for G =K1,,, n 24, it can be directly checked that there are no 
solutions. 
So far we have found out solutions to the graph equation T(G) = T,(H) when 
T(G) is disconnected. 
Next, assume T(G) to be connected. So T&I) and hence H are connected. We 
consider two subcases when H is assumed to be connected. 
Subcase 1: T,(H) is disconnected. 
It can be seen that T*(H) is disconnected if and only if H = K1,, for n 2 1. For, 
if T,(H) is disconnected, then all the vertices of T,(H) which represent edges of H 
will have to belong to one and the same component of T,(H). Now if 2) is a vertex 
of H belonging to another component of T*(H), then all the edges of H pass 
through v. Hence H = K1,,, n 2 1. 
When H = Kl,l = K,, then (3K1, Ki) is a solution. For H = K1,* there is no G. 
For H = K1,3, G = K1 U K3. When H = K1,,, n 34 again there is no G. For, 
TJH) = T(G) = K1 U (K2,, - A) where A is a l-factor and we know that K2,, - A 
is not a total graph of any graph when n 24. 
Subcase 2: T2(H) is connected. 
In this case both G and H are connected. Suppose G is a (po, qd) graph and H 
is a (pi, %) graph. T,(H) has a clique for size qr+ Therefore, T(G) also has a 
clique of size qn. Since G is connected qG 2 pG - 1. Let S be the vertex set of a 
clique in T(G) of size qr+ So S E V(T(G)) = V(G) U E(G). If S c V(G), then 
T(G) has at least qr_r +&(& - 1) vertices. But we have po + qG = pn + 9~. % we 
must have pi + 9~ 2 qn +&.r(qn - 1) giving pi a&(qzi - 1). Consequently, we 
must have, from qr-r apt - 1, pn a$(~, - I-)(& - 2). This gives pi = 1 or pn = 2. 
pi = 1 gives a solution (K,, K,), pi = 2 gives G = 3K1, so G is disconnected. 
Suppose S GE(G). Then in G there are qn mutually adjacent edges. These 
edges form either a K1,, or a K3 in G. If this clique is K3 but G # K3, then G has 
a K1.3. If G = K3, then there is no H. In the other case G has a subgraph K1,,. If 
G f Kx.+’ then T(G) has at least 2% + 2 vertices. But then pG -t qG = pi + 4~ 2 
2% +2, a contradiction to the connectivity of H. If G = K1,*, we have H 
disconnected, a case already considered. 
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Suppose S n V(G) # 8, S nE(G) # p). If (S n V(G)! 22, then IS nE(G)I = 1 and 
ISI = 3. Then 9~ = 3 gives H= K3 or H=K13. For H=K, there is no G and 
when H = K1,3 G = K1 U KS, a case already considered. When IS n V(G)! = 1 and 
IS nE(G)j = t, t = &- 1, then G has a subgraph K1 I’ Suppose G has a set 
A, IA I 24, consisting of points and lines not involved in this subgraph K1,,. Then 
T(G) has at least 2% + 3 vertices and then from PG + qG = pi + qH 2 2* + 3 we 
get a contradiction to the connectivity of H. Suppose, the set B consisting of all 
the vertices and edges of G not involved in this subgraph K1,, is such that ISI s 3. 
In each case at least one of the following holds: 
(a) T(G) has a vertex of degree zero so T,(H) is disconnected, but by 
assumption H and hence T,(H) is connected. 
(b) T(G) has a vertex of degree one, but T(G) = T,(H) and T,(H) cannot have 
any vertex of degree one. 
(c) The number of vertices in T(G) of degree two is strictly less than qrr, a 
contradiction since T,(H) has to have at least qr_r vertices of degree two. In other 
words there is no H when IBI s 3. 
The proof is now complete. 
4. ‘me graph eqnatioIls T,(G) = T,(H), T,(G) = T,(H) 
propoapition 5. C& q), ~23 and WI, &I are the only solutions of the graph 
equation T,(G) = T,(H). 
Proof. By Result 1 we know that given any G there exists a unique graph X such 
that T,(G) = L(X). So we have essentially to solve the graph equation L(X) = 
T,(H). Knowing that if G is of order p then X is of order 2p and has precisely p 
vertices of degree one and using Proposition 1, we see that X is either F2r of 
Proposition 1 or K2. But then (q, G), p 2 3 and (K2, K,) are the only solutions 
of the graph equation T,(G) = T,(H). 
PropoMon 6. (K,, K,) and (3K1, K2) are the only solutions of the graph equation 
T,(G) = T,(H). 
Proof. Proof is similar to that of Proposition 5. 
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